Recently, rheological hysteresis has been studied systematically in a wide range of complex fluids combining global rheology and time-resolved velocimetry. In this paper we present an analysis of the roles of the three most fundamental mechanisms in simple-yield-stress fluids: structure dynamics, viscoelastic response, and spatial flow heterogeneities, i.e., time-dependent shear bands. Dynamical hysteresis simulations are done analogously to rheological ramp-up and -down experiments on a coupled model which incorporates viscoelasticity and time-dependent structure evolution. Based on experimental data, a coupling between hysteresis measured from the local velocity profiles and that measured from the global flow curve has been suggested. According to the present model, even if transient shear banding appears during the shear ramps, in typical narrow-gap devices, only a small part of the hysteretic response can be attributed to heterogeneous flow. This results in decoupling of the hysteresis measured from the local velocity profiles and the global flow curve, demonstrating that for an arbitrary time-dependent rheological response this proposed coupling can be very weak.
I. INTRODUCTION
Hysteresis is defined as a lag between the driving and the response signals of a nonlinear system. This behavior, a signature of nonequilibrium effects, is ubiquitous in nature, while the best-known example remains magnetism [1, 2] . Athermal systems, which have a very complex free energy scenario with high energy barriers, only evolve under the application of an external field, manifested by rate-independent hysteresis. In systems with thermal behavior [3] , hysteresis is rate dependent and due to competition between the driving and the relaxation rates.
In rheological systems hysteresis is associated with thixotropy, classically defined as the time-dependent reduction of viscosity under a constant shear rate [4] . Since recently even simple-yield-stress materials have turned out to show such relaxation, albeit at time scales shorter than the observation window [5] , the division between thixotropic and simple fluids has become ambiguous. A more fundamental categorization considers the shapes of the fluids' intrinsic flow curves [6, 7] . Simple-yield-stress fluids, showing only weak time dependence, also exhibit intrinsic flow curves of monotonic, Herschel-Bulkley shape, as opposed to strongly time-dependent ones, where the intrinsic flow curve has a nonmonotonic shape. As a consequence, only thixotropic fluids are expected to be prone to shear bands and the associated hysteretic behavior [8, 9] . In this article, we discuss materials of a simple-yield-stress type.
Dynamical hysteresis appears in rheological experiments when the flow curve of the complex fluid is measured with a shear-rate or stress ramp [10, 11] . The ramp usually consists of a series of discrete successive shear-rate or stress steps, each one associated with a certain waiting time, the time during * antti.puisto@aalto.fi which the shear rate is held constant. Depending on the waiting time, the number of shear-rate steps taken, and the material, the hysteresis loop is observed to have different shapes and areas [12] [13] [14] . The appearance of dynamical hysteresis in rheological data is classically taken as a sign of thixotropy. However, as recent experiments show, even nonthixotropic fluids show hysteresis. The reasons for this are still under debate, but based on experimental data there seems to be a link between hysteresis in the global rheology and transient shear banding [15] .
Detailed experiments on rheological hysteresis and how it appears in spatially resolved velocimetry [16] were performed recently [15] for the first time. The experimental data were analyzed by computing the hysteresis loop areas from the data obtained from both the flow curves and, for some materials, also from the velocity profiles. Both hysteresis loop areas were found to depend on the waiting time by a "bell-shaped" relation in the case of classic thixotropic fluids [15] . This means that hysteresis vanishes at short and long waiting times and shows a maximum at intermediate times, in analogy to magnetic systems [2] . The generic behavior is reasoned to follow from two limits: When the applied waiting time is much shorter than a material-specific characteristic time scale, the structure changes are small, and the hysteresis is strongly decreased. On the other hand, if the waiting time is much longer than the characteristic time scale, the response is at steady state, showing no hysteresis. Intermediate waiting times lead to a maximum and a bell-shaped hysteresis curve. Time scales obtained from both the spatial velocity profiles and the flow curve gave rise to a single time scale for some low-densityyield-stress fluids. Based on this and the fact that, with one exception, the other materials showed similar hysteresis in the flow curve, the authors further hypothesize that this might be a universal behavior in a broad class of complex fluids, for which they find a bell-shaped hysteresis area of the flow curves. For simple-yield-stress materials, only the decreasing part of this relation was experimentally reachable. This was speculated to be due to the fast structure evolution dynamics, beyond the limit of experimentally accessible waiting times.
Rheological hysteresis has been observed before in complex fluid models under shear rheology [17] in connection with boundary conditions [18] , and oscillatory rheology [19, 20] as well as during transients between two rheological states [21] . The purpose of the present article is to analyze the proposed universality of the relation between the flow heterogeneities and flow curve hysteresis in complex fluids: Do the two methods universally measure a single material characteristic time scale, or can the time-dependent rheological response of the material have a functional form where this relation between the velocity profiles and the flow curve hysteresis does not hold? To do this, we perform numerical simulations utilizing a model introduced earlier, which captures qualitatively the dynamics of fluidization of a simple-yield-stress fluid [22] . We compute the shear-rheology-related hysteresis under both homogeneous shear and concentric-cylinder Couette flows: Their difference resolves the role of the fluid internal dynamics that couples the structure with the local viscosity, viscoelastic response due to internal structure, and time-dependent shear bands. We show that in our simple example the time scales obtained from velocity profiles and flow curves are indeed decoupled, hinting that the correlated time scales, experimentally observed in a laponite suspension, are a special case. Furthermore, we argue that hysteresis in rheological experiments is not based on a simple material time scale but, rather, on a spectrum of time scales imposed by the experimental protocol due to the shear-rate dependence of the material rheological response. We demonstrate that the typical bell-shaped relation between the dynamical hysteresis area and the waiting time can change to a more complicated scenario in strongly viscoelastic materials. This can be induced by additional relaxation time scales, e.g., due to structural elasticity. The rest of the paper is divided into three sections: Model (Sec. II), Results (Sec. III), and Conclusions (Sec. IV). Section II introduces the reader to the models and methods applied. In Sec. III the model is analyzed and results are presented from the perspective of recent related experimental studies. Finally, Sec. IV summarizes the main findings.
II. MODEL
Aggregating colloidal suspensions and microgels share the property of jamming liquid inside solid-like structures. In the first case the structure is formed of particle networks [23, 24] , and in the second case, of elastic sponge-like elements [25] . Thus, here we take the natural way of modeling the structure evolution through that of the immobilized portion of the volume. An example of a model utilizing these ideas is the one studied in Ref. [22] . There the approach was previously observed to qualitatively capture features of the fluidization of a simple-yield-stress fluid [22] . Under simple shear flow characterized by the shear rate,γ , the time evolution of the jammed volume fraction, later called the structure dynamics, may be described by ) −κ , which takes into account the "softness" of the jammed elements, κ, and the solvent viscosity η 0 .
In the simplest scenario the stress is viscous, i.e., σ =γ η. More complex constitutive equations take into account the stress or strain history, such as the Maxwell and Kelvin-Voigt models [26] . Since we consider the flowing state, the Maxwell stress model,
is applied for comparison, in addition to the Newtonian stress model. Here, the elastic stress is controlled by G 0 , the continuum scale elastic modulus of the fluid. Up to this point the models allow no spatial heterogeneity, and we refer to them, being equivalent to a planar Couette scenario, as the homogeneous viscous and homogeneous viscoelastic shear models, respectively. As can be observed in Eq. (1), there is no unique time scale associated with the relaxation of φ. Instead this depends on the shear rate and the initial condition φ 0 . In other words, unless the fluid is in the steady state, it obtains the steady state at a rate which depends on the applied shear rate and its shear history. Furthermore, since the growth (A b , A s ) and breakage (B s ) rates are not equal the relaxation rate is asymmetric around the steady state even at the same shear rate: The time scale depends on whether the φ is increasing or decreasing. With these properties, the model follows first-principles colloidal models, in which the kernels are usually asymmetric and shear dependent [9, 27, 28] , and complies with what is found experimenally as well [29] [30] [31] [32] [33] . Finally, the Maxwell stress element in the viscoelastic model introduces another time scale through stress evolution, which can be tuned using G 0 .
A spatial degree of freedom is required to allow for shear bands, observed to emerge during rheological experiments [15, 29] . Integrating the radial component of the momentum equation in cylindrical coordinates we obtain an expression for the tangential stress,
where C is the integration constant. Substituting Eq. (3) into Eq. (2) it is easy to write the expression for the shear rate,
To obtain C we impose no-slip boundary conditions and solve this differential equation, where the initial value C(t = 0) takes into account the elastic residual stress of the fluid. Due to the simulation procedure, which includes a preshear period, it makes sense to set this value to C(t = 0) = 0.
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The shear rate as a function of the radial position in the viscous case (G → ∞) reads [34] 
where a ( b ) and R a (R b ) are the angular velocity and radius of the inner (outer) cylinder, respectively, and η(r) is the local viscosity. The viscoelastic case requires numerical solution.
The above approximations neglect the influence of wall slip, found to have a minor effect on hysteresis in experiments [15] . Here, unless specified otherwise, we set the device dimensions to R a = 24.0 mm and R b = 25.0 mm, resulting in a gap size δ = 1.0 mm, typical values used in such experiments [15] . The implementation involves a separate structural model at 400 radial positions, computing new estimates for the local shear rate during each integration step. Although with the present approximation, rotating each of the cylinders will produce an equivalent stress profile, in the following the inner cylinder is given an angular velocity based on the apparent shear rate [35] :γ
In what follows the models implementing concentriccylinder geometry are called the heterogeneous viscous and viscoelastic shear models. The practical implementation is a C++ program, utilizing the CVODE routines of the SUNDIALS libraries for the time integration [36] . The steady-state flow curve, independent of the stress model used [37] , can be used to fix the ratios of roughly follow experimental rheological characteristics of a typical simple-yield-stress fluid [15] . The model does not allow for quantitative fitting since it gives a Herschel-Bulkley (σ = σ 0 + Aγ α ) exponent α = 1, whereas in the experiments the exponent is typically somewhat smaller. The parameters of the kinetic equation utilized in the following analysis are A s = 0.01, B s = 0.0157, A b = 1.051. In order to reproduce typical fluidization dynamics of a simple-yield-stress fluid we set k = 2 and m = k to have a simple-yield-stress flow curve [22] . Finally, for the constitutive equation we use a compatible set of parameters: η 0 = 0.001 Pa s, φ m = 0.68, and κ = 2.2. We have checked that the qualitative model behavior is not influenced by these selections. In addition, in the viscoelastic stress model the elastic modulus G 0 is a free parameter, and its influence is analyzed later.
III. RESULTS
The simulations here follow the usual experimental protocol [15] , where, after a long-lasting preshear period at the highest shear rate, one sweeps the shear rate first down and then back up. The preshear period in simulations is performed at 1000 s −1 until steady state is reached. This is the initial condition for Eq. (1). This is a common approach in rheological characterization of thixotropic materials [4, 12, 15] . Using the viscous stress model and applying the homogeneous and heterogeneous shear models, we arrive at the flow curves plotted at different waiting times shown in Fig. 1 . As shown in the figure, waiting-time-dependent hysteresis appears in the flow curves at low shear rates under both homogeneous (left column) and heterogeneous (right column) shear. Interestingly, despite the fact that the homogeneous shear model ignores spatial effects, the flow curves of the two shear models look almost the same. This shows that hysteresis is simply a result of the interplay between the structure dynamics, which is proportional toγ −k , and the constant waiting time applied in the shear-rate ramps, independent of the possible flow heterogeneities allowed by the concentric-cylinder geometry.
Furthermore, when the waiting time is short compared to the applied shear rate, the measured flow curves deviate from the steady-state one. At this point the measured flow curve falls below the steady state during the decreasing ramp. During the upwards ramp, the measured flow curve eventually goes above the steady state after a certain point. Finally, as is often the case in experiments, in simulations the decreasing and increasing flow curves at high shear rates exactly match. At low shear rates, a maximum [max(σ increasing (γ ) − σ decreasing (γ )] in the flow curve hysteresis is seen. The shear rate at which this maximum occurs depends on the applied waiting time.
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Furthermore, the stress at low shear rates (dynamic yield stress) approaches 0 when the waiting time is much below the dynamical structure growth time associated with the lowest measured shear rate.
Allowing for spatial heterogeneity in the shear-rate results in transient shear banding familiar in startup flows [22, 29] . Here, transient shear bands occur during the increasing-shearrate ramp (shown in the insets in Fig. 1 ), in agreement with recent experiments [15] . In the simulated flow curves it appears as a long tail, which is somewhat difficult to distinguish, after the local stress maximum during the increasing ramp. The duration of this regime depends on the waiting time. With longer waiting times, the system is more jammed when the increasing-shear-rate ramp begins, thus leading to longer fluidization times (more persistent transient shear bands). In fact, the transient shear-banding regime vanishes altogether at sufficiently short waiting times leading to homogeneous relaxation. Despite this, the structure dynamics persists for a while, as shown in the lowest panel in Fig. 1 .
The interpretation of the flow curves is simplified when one considers viscosity evolution in the homogeneous shear case, which reflects directly the evolution of φ. This is plotted with different waiting times, along with the corresponding steady state (black line), in Fig. 2 . Decreasing the waiting time drops the measured viscosity further and further below the steady state. Moreover, as is obvious judging by Eq. (1), the structure dynamics gets slower with decreasing shear rate, which tends to increase the effect at low shear rates. In the decreasingshear-rate ramp the viscosity always remains below the steady state. During the increasing-shear-rate ramp the viscosity first starts to approach the steady state value from below, crosses it at some waiting-time-dependent point, and, due to the slow relaxation, finally ends up approaching the steady-state line from above. Thus, the fact that this relaxation is shear rate dependent, an experimentally known fact, already implies an asymmetry between the increasing and the decreasing shear rate sweeps, resulting in hysteresis. Indeed, it can be noted that the only cases symmetric around the centerline (i.e., lowest shear rate) which would not produce hysteresis in the flow curves are the ones where the fluid does not have time to respond to the external drive (t w → 0) and the steady state.
Next we discuss the spatiotemporal maps of the local viscosity in the heterogeneous shear model plotted in Fig. 3 . They show the evolution of the local viscosity (color-coded) at each position (vertical axis) as a function of time (horizontal axis). The overall picture follows the homogeneous one; the plots are asymmetric around the centerline. In addition, each of the plots shows strong spatial variation of the viscosity inside the concentric-cylinder gap, especially during the increasingshear-rate ramp. Right after the increasing-shear-rate ramp starts, a splitting of the fluid into low-and high-viscosity bands is seen. The low-viscosity band increases throughout the increasing-shear-rate ramp, in time spreading over the whole gap. At shorter waiting times, the spatial effect is less pronounced due to the fact that the maximum viscosity reached is inversely proportional to the waiting time. This, on the other hand, decreases the contrast between the two shear bands.
The computed flow curves using the viscoelastic stress model are plotted as an example for the G = 64.0 case in Fig. 4 . The viscoelastic stress model only slightly modifies these at long waiting times, irrespective of the applied geometry. The transient shear-banding regime at long waiting times also remains virtually untouched. At short waiting times, however, the stress derivative corresponding to elastic deformations gets large and results in a significant difference in both the flow curves and the velocity profiles. Here, typical startup effects such as backward recoil flows appear before the system is returned to the linear velocity profile. This is expected for a viscoelastic system [4] . At short waiting times the systems behavior resembles much the oscillatory experiments: At the lowest waiting time the deformations are so small that a real system would remain in the linearly viscoelastic regime. Interestingly, the hysteresis loop is open at the lowest waiting times and, therefore, seems to escape from the observation window.
Reference [15] proposes analyzing the hysteresis with the help of
for the hysteresis area between the two flow curves and
for the hysteresis areas computed from the velocity profiles. These definitions logarithmically weight hysteresis areas, i.e., give more importance to the low-shear-rate end. As discussed earlier, these measure the symmetry of the dynamics between the growth and the destruction of the structure and should not be considered a measure of the distance from the steady state. The hysteresis loop areas A σ and A v computed for these results are plotted in Fig. 5 . In the viscous case they increase monotonically with decreasing waiting times in the experimentally accessible waiting time range (around 1.0-1000.0 s). This occurs even for the A v , despite the fact that the velocity profiles seemingly get more heterogeneous during the increasing-shear-rate ramp. The reason is that at long waiting times also during the decreasing ramp some shear localization occurs, as can be seen in the velocity profiles in Fig. 1 . Below this waiting-time range, the hysteresis areas reach a maximum (A σ at around t w = 0.001 s and A v a decade later). At even shorter waiting times, the hysteresis areas start decreasing again. The absolute values of the waiting times at which the transitions occur relate to the kernels in Eq. (1) and, thus, can be changed to arbitrary values by rescaling the kernels without affecting the qualitative behavior.
The viscoelastic stress model changes the picture at short waiting times by an additional time scale (τ σ ), which introduces a second maximum. The location of this second maximum for both A σ and A v , depends on the elastic modulus, as shown in Fig. 5 . The inset in the top panel in Fig. 5 shows A σ as a function of t w near the hysteresis maxima of the viscoelastic model. As shown in the figure, the bell shape of the hysteresis loop areas can be the result of one of two mechanisms: either due to the viscous response at waiting times around the hysteresis maximum or due to the viscoelastic response with the observation window around the second maximum (for the lowest G 0 in the inset in Fig. 5 ). Double-peaked hysteresis loop areas have not been seen experimentally and might appear only in materials having a long structure dynamics time scale and a low elastic modulus, such as microfibrillated cellulose suspensions [12] . In the very short waiting time range the simulations approach the oscillatory shear measurements, which are commonly used to probe the viscoelastic properties of soft materials. The shapes of A σ and A v look similar, in agreement with Ref. [15] ; in contrast, with the present parameters the simulated maxima of the two hysteresis curves are located at different waiting times. In extensive tests this behavior was found to depend on the values of k, m, and G 0 . For instance, in the case k = m = 1, both maxima approximately overlap. This indicates that the two properties are decoupled in the general case but might be coupled for some special time-dependent rheological responses. Thus, further experimental work is required to understand the (de)coupling between A σ and A v in different types of soft glassy materials.
A larger gap width gives more importance to the spatial flow heterogeneity. This occurs since the distance the shear-band edge travels to reach the stator during the increasing-shear-rate ramp becomes larger and the edge velocity is proportional to the (imposed) average shear rate, as mentioned in Ref. [22] . To demonstrate this, we have plotted the flow curve for the viscous, heterogeneous shear case, using a gap size of 10 mm and t w = 160 s in Fig. 6 . A comparison of it to the ones computed using a narrower gap size demonstrates that the transient shear-banding regime extends into higher shear rates during the upward ramp.
To see whether the gap width influences the correlation between the two hysteresis maxima, we computed the hysteresis loop areas for three gap widths for the viscous, heterogeneous shear case plotted in Fig. 7 . Increasing the gap makes the shear-banded flows more permanent, requiring much longer waiting times for the hysteresis to vanish. Because of this, the maxima of the two curves approach one another. The amplitude of the hysteresis loop areas, computed both from the flow curve and from the velocity profiles, increases. 
IV. CONCLUSIONS
We have studied the origin of the rheological hysteresis loop through a structural kinetics model of a simple time-dependent yield stress fluid. In the model, the structure dynamics is proportional toγ −k , a known fact in some of the first-principles collision models for colloids [9, 27, 28] and also experimentally observed in numerous complex fluids [29] [30] [31] [32] [33] . Since the fluid structure dynamically relaxes at a rate imposed by the current shear rate, but the waiting time t w in the experimental protocol is fixed, below a certain shear rate, the structure fails to recover the steady state. Thus, such an experiment is a convolution of series of relaxation times each associated with a different shear rate and the initial condition set by the fluid's history.
The two directions of the shear-rate ramp differ. In the decreasing ramp the structure is growing and the stress therefore falls below the steady-state value. In the increasing-shear-rate ramp, the structure is initially growing. At some point it passes through the steady-state structure, after which it starts to break again. From this point on, the stress is always above the steady-state value, until, owing to the increasing shear rate, the structural dynamics again reaches steady state before the end of the waiting time. Therefore, the high-shear-rate parts of the two flow curves are the same.
Despite its shortcomings, the model used here recovers some of the delicate features of the experiments such as the flow heterogeneity in startup flows [22] . Here, in agreement with observations in Ref. [15] , these transient shear bands appear during the increasing-shear-rate ramp. This allowed us to analyze the role of these flow heterogeneities in the reported flow curve. To do this, we computed the homogeneous shear case, where the local shear rate was imposed, and the concentric-cylinder Couette, where the angular velocity of the inner cylinder was adjusted to set a global shear rate over the gap. Comparison of the two made it possible to observe that only a negligible portion of the flow curve hysteresis was due to the flow heterogeneities. This already implied a decoupling of the flow heterogeneities and the flow curve in a narrow-gap device. Increasing the gap width was found to increase the relative importance of the flow heterogeneities to the global flow curve and, therefore, lead to enchanced coupling between A σ and A v .
Furthermore, we computed the hysteresis loop areas, as proposed based on the experiments [15] . In agreement with experimental observations we found "bell-shaped" curves with the viscous stress model for both A σ and A v . With the present set of parameters and the present rheological model, the maxima of the two hysteresis loop areas appeared at different waiting times, in contrast to what was reported for a thixotropic laponite suspension in Ref. [15] . Thus, we conclude that such coupling between the two quantities is a specific property of the time-dependent rheological response of the particular complex fluid (type). Our results show that universality of the coupling among all soft glassy materials would imply similarity of their rheological responses. Given that the physical origin of the structure dynamics varies among classes of soft glassy materials, such universality of their rheological responses can be deemed highly improbable. However, this property would enable the development of a universal model of soft glassy materials. To elaborate on this point, more experimental evidence is required to probe the relation of A σ and A v among a larger portion of soft glassy materials.
The model implements only simple no-slip conditions at solid-liquid boundaries. This could be justified, since experiments show no significant difference in the hysteresis due to different surface roughnesses [15] . However, despite rough surfaces, the experiments report significant slip at the solid-liquid boundaries. Thus, we suspect that this effect could be significant, especially at low shear rates. Such an effect would be expected to confer more importance to the heterogeneous flow (reducing the hysteresis loop at low shear rates) when A σ is computed, i.e., it would make A σ and A v more correlated. Thus far, there exist no good alternatives for such boundary conditions. Finding the proper ones for particular types of yield stress materials remains a subject for future research.
